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Abstract
The aim of this paper is to investigate structure of the finite groups whose nonlinear irreducible
character degrees are consecutive integers.
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1. Introduction
Throughout, G always denotes a finite group, and cd(G) is the set of irreducible charac-
ter degrees of G. The aim of this paper is to investigate finite groups in which all nonlinear
irreducible character degrees are consecutive integers. For convenience, these finite groups
are called CCD-groups. For a special class of CCD-groups, that is, for CCD-groups G with
2 ∈ cd(G), B. Huppert obtained the following results.
Theorem 1.1 [4, Section 32]. Suppose that cd(G) = {1,2, . . . , k − 1, k}. If k > 4, then
k = 6 and G = HZ(G) where H ∼= SL(2,5).
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Theorem 1.2. If G is a solvable CCD-group, then one of the following is true:
(1) |cd(G)| 2.
(2) cd(G) = {1,pm − 1,pm} or {1,pm,pm + 1}.
(3) cd(G) = {1,2,3,4}.
Theorem 1.3. A nonsolvable group G is a CCD-group if and only if G/Z(G) ∼= PGL(2, q)
for some prime power q  4.
In this paper, p always denotes a prime number. For a non-abelian group G, Big(G)
and Sma(G) denote the biggest and the smallest member, respectively, in cd(G) − {1}.
2. Proof of Theorem 1.2
Proposition 2.1. Let G be a solvable group with three largest members a, a + 1, a + 2 ∈
cd(G). Then a  2.
Proof. Suppose that a > 2. We work for a contradiction. Let N  G be maximal such
that G/N is non-abelian. Take χ0, χ1, χ2 ∈ Irr(G) with χ0(1) = a, χ1(1) = a + 1 and
χ2(1) = a + 2.
Suppose that G/N is a p-group. Take ψ ∈ {χ1, χ2} with gcd(ψ(1),p) = 1. By [5,
Corollary 6.17], ψξ ∈ Irr(G) for any nonlinear ξ ∈ Irr(G/N). Hence (a + 1)ξ(1) or
(a + 2)ξ(1) ∈ cd(G), a contradiction. Therefore G/N cannot be of prime power order,
and then [5, Lemma 12.3] implies that G/N = H/N · F/N is a Frobenius group, where
Frobenius kernel F/N is an elementary abelian p-group, and complement H/N is a cyclic
group. Set |H/N | = h, |F/N | = pr . Let δi be some irreducible constituent of (χi)F for
any i = 0,1,2.
Case 1. Suppose that pr  (a + 2)2.
By [5, Theorem 12.4], δ2(1)h ∈ cd(G). As Big(G) = a + 2 = χ2(1), we conclude
that a + 2 = δ2(1)h. Let χ3 ∈ {χ0, χ1} be such that (χ3(1),p) = 1 and let δ3 ∈ {δ0, δ1}
be an irreducible constituent of (χ3)N . Then δ3(1)h ∈ cd(G) by [5, Theorem 12.4], and
δ3(1)h  a. Observe that δ3(1)h and a + 2 = δ2(1)h have a common divisor h. It forces
δ3(1)h = a or a + 2. If δ3(1)h = a + 2, then χ3(1)|a + 2 since χ3(1)/δ3(1) divides h, and
hence χ3(1) = a = 2, a contradiction. Therefore δ3(1)h = a. Since h | gcd(a, a + 2), we
see that χ3 = χ0, δ3 = δ0 and h = 2. Now it is easy to see that
δ0(1) = a/2, δ1(1) = a + 1, δ2(1) = (a + 2)/2.
This implies that for any β ∈ Irr(G) and any irreducible constituent τ of βF , if β(1) = a
or a + 2 then τ(1) = β(1)/2, and if β(1) = a + 1 then τ(1) = β(1). In particular, neither
a nor a + 2 is in cd(F ).
374 G. Qian / Journal of Algebra 285 (2005) 372–382Clearly,
gcd
(a
2
, a + 1
)
= gcd
(
a
2
,
a + 2
2
)
= gcd
(
a + 1, a + 2
2
)
= 1.
Let E  F be maximal such that F/E is non-abelian.
If F/E is a q-group for some prime q , then we may choose δ4 ∈ {δ1, δ2} such that
gcd(δ4(1), q) = 1. By [5, Corollary 6.17], δ4ξ ∈ Irr(F) for any nonlinear ξ ∈ Irr(F/E).
Since (δ4ξ)(1) a + 2 but Big(F ) = a + 1, we get a contradiction.
If F/E = A/E ·B/E is a Frobenius group, where kernel B/E is an elementary abelian
q-group and complement A/E is a cyclic group of order f , then we may choose distinct
δi, δj ∈ {δ1, δ2, δ3} such that gcd(δi(1)δj (1), q) = 1. Let γs be an irreducible constituent
of (δs)B , where s = i, j . Then [5, Theorem 12.4] yields that γi(1)f, γj (1)f ∈ cd(F ).
Clearly, δi(1) | γi(1)f , δj (1) | γj (1)f . Since gcd(δi(1), δj (1)) = 1, we may assume
γi(1)f > δi(1). As γi(1)f is a multiplier of δi(1) ∈ {a/2, a + 1, (a + 2)/2}, we easily
obtain a contradiction.
Case 2. Suppose that pr | (a + 2)2.
In this case, gcd(χ1(1),p) = 1 and so δ1(1)h ∈ cd(G) by [5, Theorem 12.4]. Also,
we can easily conclude that δ1(1)h = a + 1. We claim that χ0 vanishes on F − N
and pr | a2. If this is not true, then [5, Theorem 12.4] also implies that δ0(1)h ∈
cd(G). Clearly, a | δ0(1)h, and so δ0(1)h = a or a + 2. This implies that h divides
gcd(a, a + 1) or gcd(a + 2, a + 1), a contradiction. Therefore, pr | a2 as claimed. Thus
pr | gcd(a2, (a + 2)2), and so pr = 4 and h = 3.
For any β ∈ Irr(G) and any irreducible constituent τ of βN , it is easy to see that τ(1) =
β(1)/2 or β(1)/4 whenever β(1) = a or a+2, and τ(1) = β(1)/3 whenever β(1) = a+1.
In particular, Big(N) < a.
Let α0, α1, α2 ∈ Irr(N) be of maximal degrees respectively such that a | 4α0(1), a + 1 |
3α1(1) and a + 2 | 4α2(1).
Suppose that α0(1)  3a/4. Let η be an irreducible constituent of αG0 such that η(1)
maximal. Then a+2 η(1) 2α0(1) 3a/2. This implies that a  4. Since a is even and
3 | a + 1, we conclude that a = 2, a contradiction. Therefore, α0(1) = a/4 or a/2. Using
the same argument as above, we also conclude that α1(1) = (a + 1)/3, α2(1) = (a + 2)/2
or (a + 2)/4. Set Ξ = {α0, α1, α2}, and set E  N be maximal such that N/E is non-
abelian.
Suppose that N/E is of order a power of a prime q . Let m ∈ cd(N/E) − {1} and
let α3 ∈ Ξ be such that gcd(α3(1), q) = 1. Then mα3(1) ∈ cd(N), which contradicts the
choice of α3.
Suppose that N/E is a Frobenius group with kernel B/E an elementary abelian q-
group. Set |N/B| = f . We may choose αi,αj ∈ Ξ of q ′-degrees. Let γi, γj be some irre-
ducible constituents of (αi)B, (αj )B , respectively. By [5, Theorem 12.4], γi(1)f, γj (1)f ∈
cd(N). Note that αi(1) | γi(1)f,αj (1) | γj (1)f . By the choice of αi,αj , we have γi(1)f =
αi(1), γj (1)f = αj (1), and so f | gcd(αi(1), αj (1)), a contradiction. 
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{1,2,3,4}. If cd(G) = {1, a, a + 1}, then by [7, Theorem 3.2] we conclude that either
a + 1 or a is a prime power.
3. Proof of Theorem 1.3
Lemma 3.1. Let n 2 be a positive integer. Then
(1) There are two primes p,q such that n p < q < 2n.
(2) If n 7, then there are two primes p,q such that n < p < q < 2n.
Proof. By [1], there exist more than 6 primes between n and 2n for n 24. Therefore the
lemma is straightforward. 
For a finite group G, the degree graph ∆(G) of G is defined as follows: vertices are
primes that divide some degrees in cd(G), and there is an edge between distinct vertices
p,q if and only if pq divides some degree m ∈ cd(G). It is known that the number of
connected components of ∆(G) has an upper bound 3, and 2 if, in addition, G is solvable
(see [4]).
Lemma 3.2 [6]. Let G be a nonsolvable group with non-connected degree graph ∆(G).
(1) If ∆(G) has two connected components, then G has normal subgroups M,N such that
M/N ∼= L2(q) for some prime power q  4 and G/N Aut(M/N).
(2) If ∆(G) has three connected components, then G is a direct product of L2(2f ) and an
abelian group.
Lemma 3.3. Let G be a CCD-group.
(1) If cd(G) contains a prime q  7, then {q} is just a component of ∆(G).
In particular, the following statements hold: there are at most two primes  7; if 7
n ∈ cd(G) then Big(G) < 2n; if 4 n ∈ cd(G) then Big(G) < 3n.
(2) If cd(G) contains a prime p, then ∆(G) is not connected unless cd(G) = {1,p}.
Proof. (1) Suppose that 7  q ∈ cd(G) but {q} is not just a component of ∆(G). By
Lemma 3.1(2), we may choose maximal primes r, s such that 7 < r, s ∈ cd(G). The
maximality of r, s implies that {r}, {s} are just two components of ∆(G), and so ∆(G)
has at least three components. By Lemma 3.2, G is a direct product of L2(2f ) and an
abelian group. This implies that there are two primes exceeding 7 contained in cd(G) =
{1,2f + 1,2f ,2f − 1}, a contradiction.
The rest is true because otherwise we can also conclude that G is a direct product of
L2(2f ) and an abelian group.
(2) This is obvious. 
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G/Z(G) ∼= PGL(2, q), where q = pf  4 is a power of prime p. Then
(1) If q = 2f > 4, then G = H , Z(H) = 1, cd(G) = {1, q − 1, q, q + 1}.
(2) If q is odd, then cd(G) = cd(G/Z(G)) = {1, q − 1, q, q + 1}.
(3) For odd q > 5, cd(L2(q)) = {1, q, q + 1, q − 1, (q + )/2} where  = (−1)(q−1)/2.
(4) A5 ∼= L2(4) ∼= L2(5) and cd(L2(5)) = {1,3,4,5}.
Proof. (1), (3) and (4) are well-known; and (2) follows from the following fact:
cd(GL(2, q)) = cd(PGL(2, q)) = {1, q − 1, q, q + 1} (see [8]). 
For notation and basic properties of finite groups of Lie type, we refer to [2]. We will
denote by L a finite simple group of Lie type over a field of q elements, where q = pf
is a power of a prime p. If we denote by S a simple linear algebraic group of adjoint
type, and by σ an endomorphism of S, then the set Sσ of fixed points is finite and the
derived subgroup of Sσ is isomorphic to L. The order of the out automorphism group
of L is a product of d (diagonal automorphisms), f (field automorphisms) and g (graph
automorphisms). Note that the degrees of the unipotent characters of Sσ and L are the same
and that |L| = |Sσ |/d . Thus, if ψ is some unipotent character of L, then for any irreducible
constituent χ of ψAut(L), χ(1) divides gfψ(1).
Lemma 3.5. Let L be a non-abelian simple group and G be a group such that L G 
Aut(L). Then either L ∼= L2(q), or Big(L) 2 Sma(G).
Proof. If L is one of the sporadic simple groups, by [3] we have Big(L) 2 Sma(G).
Suppose that L ∼= An for some n 7 (note that A5 ∼= L2(4) ∼= L2(5), A6 ∼= L2(32)). Let
us investigate the characters corresponding to the following non-self-associated partitions
of n: (n − 1,1), (n − 2,1,1). We conclude that n − 1, (n − 1)(n − 2)/2 are irreducible
character degrees of An and Sn. This implies that Big(L) (n−1)(n−2)/2 2(n−1)
2 Sma(G).
In what follows, we assume that L is a simple group of Lie type. Let χ0 be the Steinberg
character of L.
Type An(q), n 2.
The unipotent character χ(1,n) has degree q(qn − 1)/(q − 1), χ0(1) = qn(n+1)/2, and
g = 2. Now
Big(L) χ0(1) = qn(n+1)/2
 4f q(q
n − 1)
q − 1 (unless n = 2 and q = 3,4,8,16)
= 2fgχ(1,n)(1) 2 Sma(G).
For L ∼= A2(3) or A2(4), by [3] we also have Big(L) 2 Sma(G).
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of L with degree q(q + 1), and so χ(1,2) is G-invariant. This implies that there is irre-
ducible constituent ψ0 of (χ(1,2))G such that ψ0(1) 
√|G/L|χ(1,2)(1). If L ∼= A2(8),
then |Out(L)| = 6, and so Big(L)  χ0(1) = 83  4 · 8 · 9  2ψ0(1)  2 Sma(G). If
L ∼= L3(16), then |Out(L)| = 3 · 4 · 2, and so Big(L)  χ0(1) = 163  12 · 16 · 17 >
2 · 4 · 16 · 17 2ψ0(1) 2 Sma(G).
Type 2An(q2) ∼= Un+1(q), n 2.
The unipotent character χ(1,n) has degree q(qn − (−1)n)/(q + 1), χ0(1) = qn(n+1)/2,
and g = 1, q2 = pf .
For n 3, we have Big(L) qn(n+1)/3  q2n  2fgχ(1,n)(1) 2 Sma(G).
For n = 2 (q = 2), we have
2fgχ(1,2)(1) = 2f q(q − 1) q3 = χ0(1) b(G) unless q = 4,8.
If L ∼= 2A2(42) = U3(4), we have Big(L) 2 Sma(G) by [3].
If L ∼= U3(8), then Out(L) is a cyclic group of order f . Also, χ(1,2) is G-invariant
by [9, Table V]. Therefore there is an irreducible constituent ψ of (χ(1,2))G with degree
ψ(1) = χ(1,2)(1), and so Big(L) χ0(1) = 83  2 · 8 · 7 = 2ψ(1) 2 Sma(G).
Type Bn(q) (n 2) or Cn(q) (n 3).
The unipotent character χα corresponding to the symbol α = ( 1 n0
)
has degree (qn −
q)(qn + 1)/2(q − 1). Therefore,
Big(L) χ0(1) = qn2  2f (qn − q)(qn + 1)/2(q − 1) = 2fgχα(1) 2 Sma(G).
Type Dn(q) or 2Dn(q2), n 4.
Corresponding to the symbol α1 =
( 1 n
0 1
)
and the symbol α2 =
( 1 n−1
−
)
, the unipotent
characters χα1 of Dn(q) and χα2 of 2Dn(q2) have degrees
q2n − q2
q2 − 1 and
q(qn−2 − 1)(qn + 1)
q2 − 1 ,
respectively. Now it is easy to check that
Big(L) χ0(1) = qn(n−1)  2fgχαi (1) 2 Sma(G) for i = 1,2.
Now suppose that L is of exceptional type. Checking the unipotent characters of L listed
on [2, pp. 487–490], we can easily conclude that, for some unipotent character χα of L,
Big(L) χ0(1) 2fgχα(1) 2 Sma(G). 
Lemma 3.6. If G is a nonsolvable CCD-group, then there are normal subgroups N , M of
G such that M/N ∼= L2(q) for some prime power q  4 and G/M Out(M/N).
Proof. Let N G maximal be such that G/N is nonsolvable. Then G/N possesses the
unique minimal normal subgroup M/N ; also M/N is nonsolvable, and G/M is a solvable
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phism non-abelian simple groups Mi/N where i = 1, . . . , s. Set A/N = NG/N(M1/N),
and C/N = T/N × M1/N where T/N = CG/N(M1/N).
We claim first that M1/N ∼= L2(q) for some prime power q . If this is not true, then
Lemma 3.5 implies that Big(M1/N)  2 Sma(A/T ) since M1/N  A/T  Aut(M1/N).
Observe that G/N acts transitively on the set {M1/N, . . . ,Ms/N} and that the stabilizer
of M1/N is A/N . It follows that |G : A| = s. Now,
Big(G/N) Big(M/N) = (Big(M1/N))s  (2 Sma(A/T ))s  (2 Sma(A/N))s
 2s Sma(A/N) 2 Sma(G/N).
This implies by Lemmas 3.1 and 3.2 that M/N ∼= L2(q), a contradiction.
Suppose that s > 1. Since C/T ∼= M1/N ∼= L2(q), there is θ ∈ Irr(C/T ) of degree q .
Observe that C/T  A/T and that θ is A/T -invariant since θ is the unique character of
C/T with degree q . Also we see that |A/C| divides |Out(M1/N)| = (2, q − 1)f . Now it
is easy to check that θ is extendible to A (see [5, Corollary 11.31]), and so Sma(G/N)
|G : A|θ(1) = sq . This implies that
Big(G/N) Big(M/N) (q + 1)s  2sq  2 Sma(G/N),
and so that M/N ∼= L2(q) by Lemmas 3.1 and 3.2, a contradiction. Therefore M/N ∼=
L2(q). 
Lemma 3.7. If G is a nonsolvable CCD-group, then there is a normal subgroup N of G
such that G/N is isomorphic to PGL(2, q) where q = pf  4.
Proof. By Lemma 3.6, there are normal subgroups M,N of G such that M/N ∼=
L2(q), q = pf and G/M  Out(M/N). Note that PGL(2,4) ∼= L2(4) ∼= L2(5) and that
Aut(L2(5)) ∼= PGL(2,5). Thus we may assume that q = pf  7.
We first claim that if q  7 is odd then G > M . Suppose that G = M and q = 7. Then
3,7 ∈ cd(G/N), and so G has an irreducible character ψ of degree 5. Since ψN is irre-
ducible, by [5, Corollary 6.17] we see that 35 ∈ cd(G), which contradicts Lemma 3.3(1).
Suppose that G = M and q = 9. Then 5,10 ∈ cd(G/N), and so G has an irreducible
character ψ of degree 7. Since ψN is irreducible, we also conclude that 70 ∈ cd(G),
a contradiction. Suppose that G = M and q  11. Note that q + 1, (q + ε)/2 ∈ cd(G/N)
where ε = (−1)(q−1)/2. It follows that (q + 1)/2 ∈ cd(G). Now Lemma 3.3(1) yields
that (q + 1)/2  6, and so q = 11. For the case when q = 11, since 5,12 ∈ cd(G/N),
the degree graph ∆(G) has at least three components (Lemma 3.3(1)), which contradicts
Lemma 3.2.
Let µ and ν be generators of the group of field automorphisms and the group of diagonal
automorphisms, respectively, of M/N . Then 〈µ〉 is of order f , 〈ν〉 is of order (2, q − 1).
Since we have shown that if q  7 is odd then G > M , now to complete the proof of
Lemma 3.7 we need only to prove that 〈µ〉 ∩ G/M is trivial.
Note that Aut(M/N) = M/N〈µ,ν〉 ∼= PGL(2, q)〈µ〉, and that q, q + 1 ∈ cd(M/N).
Let ψ0 ∈ Irr(M/N) be of degree q . Then ψ0 is G-invariant, and can be extendible to
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q + 1 such that the inertia subgroup of ψ1 in Aut(M/N) is M/N〈ν〉. Then there is an
irreducible constituent of ψG1 with degree δ(q+1). Now q, δ(q+1) ∈ cd(G). Since q  7,
Lemma 3.3(1) yields that δ = 1, and we are done. 
Let N G and λ ∈ Irr(N). We denote by IG(λ) the inertia group of λ in G. Note that
if λ is linear, then λ is extendible to G if and only if N ∩ G′  kerλ.
Lemma 3.8. Let N  G be such that G/N ∼= L2(q), where q = pf  4. Suppose that
λ ∈ Irr(N) is G-invariant and set ∆ = {χ(1)/λ(1) | χ ∈ Irr(G), [χ,λG] > 0}.
(1) If λ is extendible to G, then ∆ = cd(L2(q)).
(2) If λ can not be extendible to G, then either
G/N ∼= L2(4) ∼= L2(5) and ∆ = {2,4,6}; or
q  7 is odd and ∆ = {q − 1, q + 1, (q − )/2}, where  = (−1)(q−1)/2.
Proof. It suffices to prove (2). Applying [5, Theorem 11.28], we may assume λ(1) = 1.
Also by induction we may assume that λ is faithful. Therefore N = Z(G). Since linear
λ can not be extendible to G, we see that B := N ∩ G′ > 1, and so B is the group of
multipliers of L2(q). Therefore we may assume q  5 is odd. Clearly, |B| = 2, G/B =
N/B ×A/B where A ∼= SL(2, q). Set σ = λB . For any χ ∈ Irr(G) with [χ,λG] > 0, there
is an irreducible constituent θ of χA such that [θ, σA] > 0. Checking the character degrees
of SL(2, q) and L2(q), we conclude that θ(1) = θ(1)/σ (1) ∈ {q − 1, q + 1, (q − )/2}
unless q = 5 and θ(1)/σ (1) ∈ {2,4,6}. Observe that θ is G-invariant and that G/A ∼= N/B
is cyclic. It follows that χ is an extension of θ to G, and we are done. 
Lemma 3.9. If M is a proper subgroup of G ∼= L2(q), where q = pf  4, then one of the
following holds:
(1) |G : M| > q + 1.
(2) |G : M| = q + 1 and M = NG(P ) for some P ∈ Sylp(G).
(3) G ∼= L2(9) and M ∼= A5.
(4) G ∼= L2(7) and M ∼= S4.
(5) G ∼= L2(5) and M ∼= A4.
Proof. It suffices to investigate the subgroups of L2(q) (see [4, Chapter 2, Theo-
rem 8.27]). 
Proof of Theorem 1.3. (⇐) It suffices to prove that for any λ ∈ Irr(Z(G)) and for any
irreducible constituent χ of λG,
χ(1) ∈ {1,2,3,4,5,6} if q = 4; and
χ(1) ∈ {1, q − 1, q, q + 1} if q  5.
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N  Z(G) < A G be such that A/Z(G) ∼= L2(q), and N = Z(G) ∩ A′. Then A/N =
Z(G)/N × B/N where B/N ∼= A/Z(G). Clearly G/B is abelian, and thus B = A′ = G′,
N = G′ ∩ Z(G).
Suppose first that N = 1. Then λ is extendible to G. It follows by [5, Corollary 6.17]
that χ(1) ∈ cd(G/Z(G)) = {1, q − 1, q, q + 1}, and we are done.
In what follows, we assume that N > 1. Then q is odd and B ∼= SL(2, q), unless q = 4
and B = SL(2,5). Let σ = λN . Let Θ be the set of irreducible constituents of σB . For any
θ ∈ Θ , by Lemma 3.8 we have that
θ(1) ∈ {2,4,6} if q = 4,5; or
θ(1) ∈
{
q + 1, q − 1, q − 
2
}
where  = (−1)(q−1)/2 if q > 5 is odd
and that θ is extendible to A since A/B = Z(G)B/B is cyclic. Thus if G = A, then we
are done. Now we may assume that q  5 is odd, and we need only to show the following
claim: For any irreducible constituent χ of σG, χ(1) ∈ {q − 1, q, q + 1}.
Suppose that G/B is cyclic. Note that since G/A = 〈ν〉 is the group of diagonal auto-
morphisms of B ∼= SL(2, q). It follows that ν fixes all θ ∈ Θ with degree q +1 or q −1, but
does not fix any θ ∈ Θ with degree q − /2 (see Lemma 3.4). If θ ∈ Θ has degree q − /2,
then IG(θ) = A, and so all irreducible constituents of θG have degree q − . If θ ∈ Θ is of
degree q + 1 or q − 1, then θ is G-invariant, and since G/B is cyclic we conclude that θ is
extendible to G. Thus each irreducible constituent of σG has degree q − 1, or q , or q + 1,
and the claim holds.
Suppose that G/B is not cyclic. Then G/B = A/B × V/B where V/B ∼= G/A. Thus
G/N = Z(G)/N × V/N where V/N ∼= PGL(2, q). For any irreducible constituent η
of σV , we see that η has degree q + 1 or q − 1 (see Lemma 3.4) and that η is extendible
to G. This also proves the claim.
(⇒) By Lemma 3.7, there is a normal subgroup N such that G/N ∼= PGL(2, q), where
q = pf  4. Our aim is to prove that N = Z(G). Note that by Theorem 1.1, we may
assume that 2 /∈ cd(G). Let N < AG be such that A/N ∼= L2(q).
Step 1. Big(G) = q + 1.
Otherwise, there exists χ ∈ Irr(G) with degree q + 2. Note that χA = θ is irreducible
because if G > A then |G/A| = 2 and χ(1) is odd. Let λ be an irreducible constituent of
χN = θN , and set a = χ(1)/λ(1).
Case 1.1. Suppose that λ is A-invariant.
If q > 5 is odd, then by Lemma 3.8 we conclude that a ∈ {1, q, q + 1, q − 1, (q + 1)/2,
(q − 1)/2}. It is easy to check that a /∈ {q, q + 1, (q + 1)/2, q − 1, (q − 1)/2}. If a = 1,
then χN is irreducible, and by [5, Corollary 6.17] we conclude that (q+2)(q+1) ∈ cd(G),
which is impossible (see Lemma 3.3(1)).
If q > 4 is even, then A = G and λ is extendible to G. Thus a ∈ cd(L2(q)), and so
a = 1. Now χN is irreducible, and hence (q + 2)(q + 1) ∈ cd(G), which is impossible.
Suppose that q = 4. Then G = A and χ(1) = 6. If λ is extendible to G, then a ∈
{1,3,4,5}, and so a = 1 (if a = 3, then 2 ∈ cd(G)), thus 30 ∈ cd(A) [5, Corollary 6.17],
and then Lemma 3.3(1) yields a contradiction. If λ can not be extendible to A, then
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a contradiction; For λ(1) = 3, we conclude by Lemma 3.8 that 3 · 6 ∈ cd(G), which is also
impossible.
Suppose that q = 5. Then χN is irreducible since gcd(χ(1), |G/N |) = 1. This implies
that 5 · 6 ∈ cd(G), which is impossible.
Case 1.2. Suppose that λ is not A-invariant.
Let M = IA(λ), the inertia group of λ in A. Then θ = ηA for some η ∈ Irr(M). This
implies that q + 2 = θ(1) = |A : M|η(1). Observe that |A : M| is a common divisor of
q+2 and |A/N |. It follows that |A : M| divides 6. Since A/N is simple, we see that |A/N :
M/N | = 6 and that A/N  S6. Now it is easy to see that G/N ∼= PGL(2,4), χ(1) = 6,
and that M/N ∼= D10. Also we see that λ is linear and is extendible to M/N . Thus there
is an irreducible constituent η of λM such that η(1) = 2 and ηA ∈ Irr(A). It follows that
3,12 ∈ cd(G) (note that A = G). Thus the degree graph Γ (G) has three components (see
Lemma 3.3), which contradicts Lemma 3.2.
Step 2. Sma(G) = q − 1, and thus cd(G) = {1, q − 1, q, q + 1}.
Otherwise, there exists χ ∈ Irr(G) with degree q − 2. Note that q  5 since we assume
2 /∈ cd(G), also that χA = θ is irreducible because if G > A then |G/A| = 2 and χ(1) is
odd. Let λ be an irreducible constituent of χN = θN and set a = χ(1)/λ(1).
Case 2.1. Suppose that λ is A-invariant.
For q > 5, arguing as in step 1, we easily conclude a contradiction.
Suppose that q = 5 but λ can not be extendible to A. Then 3/λ(1) = a ∈ {2,4,6} (see
Lemma 3.8), a contradiction.
Suppose that q = 5 and λ is extendible to A. Then a ∈ {1,3,4,5}, and so a = 1,3 since
χ(1) = 3. For a = 1, χN is irreducible, and thus 3 · 6 ∈ cd(G), which is impossible. For
a = 3, we see that λ(1) = 1 and that λ is G-invariant. Without loss of generality, we may
assume that λ is faithful, and thus N = Z(G) is cyclic. Since λ is extendible to A, we
see that A = N × B where B ∼= A/N . Observe that G/B is abelian since N = Z(G). It
follows that N ∩ G′ = 1. This implies that λ is extendible to G, and therefore 3 = χ(1) ∈
cd(G/N) = {1,4,5,6}, a contradiction.
Case 2.2. Suppose that M := IA(λ) < A.
Clearly θ = ηA for some η ∈ Irr(M). This implies that q − 2 = θ(1) = |A : M|η(1). In
particular, |A : M| divides q−2. Note that q  5. For even q > 4, since gcd(q−2, |L2(q)|)
divides 6, we conclude that |A/N : M/N | | 6 and so that A/N  S6, a contradiction. For
odd q , since gcd(q − 2, |L2(q)|) | 3, we have A/N  S3, a contradiction.
Step 3. For any λ ∈ Irr(N), λ is G-invariant.
Otherwise, let λ ∈ Irr(N) be such that M := IG(λ) < G.
Suppose first that M = A. Then A < G, q is odd. By Lemma 3.8 and [5, Theorem 6.11],
we can find an irreducible constituent χ of λG such that χ(1) = 2(q + 1)λ(1), which is
impossible since cd(G) = {1, q − 1, q, q + 1}.
Suppose that M = A. Then M ∩ A < A. Let η be an irreducible constituent of λM
such that η(1) is maximal. Observe that ηG := χ ∈ Irr(G), |G : M|η(1) = χ(1), also that
χ(1) ∈ {q − 1, q + 1, q}. This implies that
q + 1 χ(1) = |G : M|η(1) η(1)|A : A ∩ M|.
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non-abelian, thus M/N is non-abelian, and so η(1) 2. This implies that L2(q) contains a
proper subgroup with index not exceeding q + 1/2, which is impossible (see Lemma 3.9).
Step 4. N = Z(G).
Suppose that N has a nonlinear irreducible character λ. Since λ is A-invariant
(Step 3), Lemma 3.8 implies that there exists an irreducible constituent ψ of λA such
that ψ(1)/λ(1)  q + 1. This implies that for an irreducible constituent χ of ψG,
χ(1) λ(1)(q + 1) > q + 1, a contradiction.
Therefore N is abelian, and by Step 2 we conclude that N  Z(G), and so N = Z(G).
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